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IRUZDUG LQGXFWLRQ LQ D ZDJH
UHSHDWHG QHJRWLDWLRQ-
Ylfhqwh Fdodexlj dqg Jrq}dor Roflqd--
ZS0DG <:049
Fruuhvsrqghqfh wr Ylfhqwh Fdodexlj= Xqlyhuvlwdw gh Ydoºqfld1 Idfxowdg gh
FF1 HH1 | HH1 Ghswr1 gh Dq￿olvlv Hfrq￿plfr1 Fdpsxv gh orv Qdudqmrv/ v2q1
793:4 Ydohqfld1 Who1= 67 <96 ;5; 579 2 h0pdlo= ylfhqwh1fdodexljCxy1hv1
Hglwru= Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv Hfrq￿plfdv/ v1d1
Iluvw Hglwlrq Mxqlr 4<<:
LVEQ= ;707;50484:09
Ghs￿vlwr Ohjdo= Y0555604<<:
LYLH zrunlqj0sdshuv r￿hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu
zd| lq rughu wr hqfrxudjh d glvfxvvlrq surfhvv ehiruh vhqglqj wkhp wr vflhqwl￿f
mrxuqdov iru wkhlu ￿qdo sxeolfdwlrq1
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- Zh zlvk wr wkdqn ￿qdqfldo dlg iurp wkh Ydohqfldq Lqvwlwxwh ri Hfrqrplf
Uhvhdufk +LYLH,1
-- Xqlyhuvlwdw gh Ydoºqfld1
4IRUZDUG LQGXFWLRQ LQ D ZDJH
UHSHDWHG QHJRWLDWLRQ
Ylfhqwh Fdodexlj dqg Jrq}dor Roflqd
DEVWUDFW
Devwudfw
Zh suhvhqw d ￿qlwho| uhshdwhg edujdlqlqj jdph zlwk frpsohwh lq0
irupdwlrq1 Wkh vwdjh jdph lv d vlpxowdqhrxv ghpdqg jdph zlwk d
idoo0edfn srvlwlrq iru erwk sduwlhv/ lq zklfk zh doorz rqh sduw| +vd|/
wkh xqlrq, wr hvwdeolvk d fuhgleoh frpplwphqw wr vwulnh li lw lv qrw
r￿huhg d ghwhuplqhg zdjh1 Zh wu| wr uh￿qh wkh htxloleulxp vhw ri wkh
uhshdwhg jdph xvlqj d irupxodwlrq ri Iruzdug Lqgxfwlrq1 Lq sduwlf0
xodu/ zh vd| wkdw d sdwk ri Qdvk Htxloleuld lq wkh uhshdwhg jdph lv
Frqvlvwhqw zlwk Iruzdug Lqgxfwlrq +FIL, li iru doo shulrg w w k hf r v wr i
ghyldwlrq +li lw lv vwulfwo| srvlwlyh, lv juhdwhu ru htxdo wkdq wkh pd{lpdo
qhw jdlq lq FIL sdwkv zlwk w ￿4 krul}rq1
Zh suhvhqw vhyhudo fdvhv lq zklfk wkh dyhudjh sd|r￿ iru wkh xqlrq
lq dq| FIL sdwk/ zkhq wkh krul}rq whqgv wr lq￿qlw|/ lv klv suhihuuhg
zdjh1 Wkhvh uhvxowv duh vlplodu wr wkrvh rewdlqhg zlwk wkh uhsxwdwlrq
h￿hfwv dssurdfk dqguhyhdo vrph frqqhfwlrq ehwzhhqwkh ILqrwlrq dqg
wkh dssurdfk frqvlvwlqj ri shuwxuelqj wkh jdph zlwk vrph lqfrpsohwh
lqirupdwlrq1
Nh|zrugv= Uhshdwhg Edujdlqlqj/ iruzdug lqgxfwlrq/ frpplwphqw1
54 Lqwurgxfwlrq1
Vxssrvh wkdw wzr djhqwv duh hqjdjhg lq d orqj0uxq uhodwlrqvkls dqg/ qhjrwldwh
shulrglfdoo| krz wr glylgh d vxusoxv1 Pdq| qhjrwldwlrqv lq uhdo olih ehorqj
wr wklv nlqg ri vlwxdwlrq dqg d sdudgljpdwlf h{dpsoh lv wkh zdjh edujdlqlqj
ehwzhhq d ￿up dqg d xqlrq1 Wkh sureohp lv wkdw lq wklv uhshdwhg edujdlqlqj
jdph/ wkhuh lv w|slfdoo| dq lpsruwdqw sureohp ri pxowlsolflw| ri htxloleuld1
D txlwh zhoo0nqrzq zd| ri uhgxflqj wklv pxowlsolflw| sureohp dqg jhwwlqj/
xqghu vrph frqglwlrqv/ dq htxloleulxp vhohfwlrq/ frqvlvwv ri shuwxuelqj wkh
uhshdwhg jdph zlwk d sduwlfxodu nlqg ri lqfrpsohwh lqirupdwlrq1 Wklv lv
fdoohg/ wkh uhsxwdwlrq h￿hfwv dssurdfk1 Lq vrph suhylrxv zrun +Fdodexlj
dqg Roflqd/ 4<<9d/e,/ zh kdyh dssolhg wklv vruw ri dqdo|vlv wr d uhshdwhg
zdjh edujdlqlqj vlwxdwlrq1
Exw/ wkhuh lv dqrwkhu dowhuqdwlyh zd| ri doohyldwlqj wkh pxowlsolflw| sure0
ohp= wkh uh￿qhphqwv dssurdfk1 Qdpho|/ vrph htxloleuld ri wkh frpsohwh
lqirupdwlrq uhshdwhg jdph pljkw qrw eh frqvlvwhqw zlwk vrph qrwlrq ri Iru0
zdug +dqg2ru Edfnzdug, Lqgxfwlrq1
Lq wklv sdshu zh suhvhqw dqg dqdo|}h d ￿qlwho| uhshdwhg edujdlqlqj jdph
zlwk frpsohwh lqirupdwlrq1 Wkh vwdjh jdph lv d vlpxowdqhrxv ghpdqg jdph
zlwk d idoo0edfn srvlwlrq iru erwk sduwlhv/ lq zklfk zh doorz rqh sduw| +vd|/
wkh xqlrq, wr hvwdeolvk fuhgleoh frpplwphqwv wr vwulnh li lw lv qrw r￿huhg d
ghwhuplqhg zdjh1 Lq wklv frqvwlwxhqw jdph/ wkhuh lv d pxowlsolflw| ri Qdvk
Htxloleuld +QH,/ dqg wkh vdph kdsshqv zlwk wkh uhshdwhg jdph1
6Zh fdq uh￿qh wkh htxloleulxp vhw ri wkh uhshdwhg jdph xvlqj d irupxod0
wlrq ri Iruzdug Lqgxfwlrq uhodwhg zlwk suhylrxv sursrvdov pdgh e| Rveruqh
+4<;<,/ Srqvvdug +4<<4, dqg Do0Qdmmdu +4<<8,1 Lq sduwlfxodu/ zh vd| wkdw d
sdwk ri QH lq wkh uhshdwhg jdph lv Frqvlvwhqw zlwk Iruzdug Lqgxfwlrq +FIL,
li iru doo shulrg | wkh frvw ri d ghyldwlrq +li lw lv vwulfwo| srvlwlyh, lv juhdwhu
ru htxdo wkdq wkh pd{lpdo qhw jdlq lq FIL sdwkv zlwk | ￿ ￿ krul}rq1
Exw/ rxu pdlq prwlydwlrq dqg sxusrvh lq wklv sdshu lv qrw wkh uh￿qh0
phqw sureohp Reo re1 Zh duh edvlfdoo| lqwhuhvwhg lq dqdo|}lqj xqghu zklfk
frqglwlrqv lw lv srvvleoh wr rewdlq wkurxjk wkh IL orjlf vrph vwurqj vhohfwlrq
uhvxowv +lq wkh olqh ri wkh uhsxwdwlrq h￿hfwv,1
Wkhuhiruh/ zh dvvxph vrph sduwlfxodu uhvwulfwlrqv rq wkh sdudphwhuv wkdw
uh hfw dq dv|pphwulf vlwxdwlrq pruh idyrudeoh iru wkh xqlrq1 Rq rqh kdqg/
wkh frvw iru wkh ￿up ri ghyldwlqj dqg vx￿hulqj d vwulnh +lq fdvh wkh xqlrq
ghpdqgv iru wkh kljkhvw srvvleoh zdjh, lv juhdwhu ru htxdo wkdq wkh pd{lpdo
qhw jdlq ru ehqh￿w ri wklv ghyldwlrq1 Dqg/ rq wkh rwkhu kdqg/ wkh frvw iru
wkh xqlrq ri d vwulnh +lq fdvh wkh ￿up r￿huv wkh orzhvw srvvleoh zdjh, lv orzhu
wkdq wkh pd{lpdo qhw jdlq ri grlqj vr1
Reylrxvo|/ wkhvh uhvwulfwlrqv idyru wkh vljqdoolqj lqfhqwlyhv ri wkh xqlrq
dv frpsduhg wr wkrvh ri wkh ￿up1 Zh duh lqwhuhvwhg lq dqdo|}lqj xqghu zklfk
frqglwlrqv/ wkh xqlrq jhwv/ dv dyhudjh sd|r￿/ klv suhihuuhg zdjh lq doo wkh
FIL sdwkv ri QH/ dv wkh krul}rq whqgv wr lq￿qlw|1
Zh vkrz ￿uvw/ wkdw/ zlwk wkh uhvwulfwlrqv lpsrvhg deryh/ li wkh xqlrq lv
deoh wr hvwdeolvk d fuhgleoh frpplwphqw wr vwulnh olqnhg rqo| zlwk wkh kljkhvw
srvvleoh zdjh/ kh zrxog jhw wkh odwwhu dv dyhudjh sd|r￿1 Lq vrph vhqvh/ wklv
lv d qhjdwlyh uhvxow ehfdxvh lq pdq| flufxpvwdqfhv lw zrxog qrw eh fuhgleoh
7ru srvvleoh wr frpplw wr vwulnh J?,+ zlwk wkh suhihuuhg zdjh1
Li zh doorz d ohvv ghpdqglqj frpplwphqw wr vwulnh/ wkhq lw lv vkrzq wkdw
wkh xqlrq fdq jhw klv suhihuuhg rxwfrph li wkh lqfhqwlyhv wr vwulnh duh qrw
rqo| srvlwlyh/ exw vx!flhqwo| kljk/ ru dowhuqdwlyho| wkh lqfhqwlyh ri wkh ￿up
wr uhvlvw wkh vwulnhv duh orz hqrxjk1 Lq sduwlfxodu/ zh suryh wkdw wkhuh lv d
wudgh0r￿ ehwzhhq wkhvh lqfhqwlyhv1
Wkhvh uhvxowv uh hfw wkdw wkhuh lv vrph frqqhfwlrq ehwzhhq wkh qrwlrq ri
IL dqg wkh uhsxwdwlrq h￿hfwv dssurdfk/ l1h1 wkh htxloleulxp vhohfwlrq rewdlqhg
shuwxuelqj wkh uhshdwhg jdph/ lq sduwlfxodu doorzlqj wkh h{lvwhqfh ri vrph
￿frpplwwhg￿ w|sh1 Lq rxu dqdo|vlv/ wkh srwhqwldo vljqdoolqj fdsdflw| ri wkh
xqlrq lv zkdw sod|v wkh nh| uroh lq rewdlqlqj wkh vhohfwlrq uhvxowv1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh uh0
shdwhg zdjh edujdlqlqj jdph1 Vhfwlrq 6 dqdo|}hv wkh frqfhsw ri htxloleulxp
frqvlvwhqw zlwk iruzdug lqgxfwlrq dqg lwv dssolfdwlrq wr wkh uhshdwhg edu0
jdlqlqj jdphv zlwk ￿qlwh krul}rq1 Lq vhfwlrq 7 zh vkrz wkh pdlq uhvxowv/ lq
zklfk wkh xqlrq/ xqghu fhuwdlq frqglwlrqv/ fdq jhw klv suhihuuhg zdjh pdnlqj
xvh ri wkh lpsolflw vljqdoolqj delolw| lq wkh qrwlrq ri IL1 Ilqdoo|/ lq Vhfwlrq
8/ zh eulh | glvfxvv wkh sureohp lqyroyhg zlwk rwkhu frq￿jxudwlrqv ri wkh
sdudphwhuv ri wkh prgho dqg zh frpphqw srvvleoh olqhv ri ixwxuh uhvhdufk1
5 Wkh zdjh edujdlqlqj prgho1
Lq wklv vhfwlrq zh prgho wkh orqj0uxq uhodwlrqvkls ehwzhhq wzr djhqwv/ +vd|
d xqlrq X dqg d ￿up/ I, dv d ￿qlwho| uhshdwhg jdph zlwk krul}rq W1 Lq hdfk
shulrg |/ wkh sod|huv qhjrwldwh krz wr vkduh d vxusoxv ri vl}h K￿
8Zh dvvxph wkdw erwk sod|huv kdyh d sduwlflsdwlrq frqvwudlqw +ru uhvhuyd0
wlrq sd|r￿, wkdw vhwv erxqgv wr wkh vhw ri ihdvleoh zdjh r￿huv1 Qdpho|/ zh
vxssrvh wkdw wkh ￿up kdv wr jxdudqwhh khuvhoi d plqlpdo sur￿wdelolw|1 Wklv
zloo eh htxlydohqw wr wkh vxusoxv plqxv wkh kljkhvw zdjh wkdw wkh xqlrq fdq
jhw/ l1h1 K￿￿W￿ Rq wkh rwkhu kdqg/ wkh xqlrq kdv d uhvhuydwlrq zdjh/ ￿J￿ Qr
sod|hu fdq eh irufhg grzq wr dffhsw d orzhu sd|r￿ lq hdfk shulrg/ ehfdxvh
rwkhuzlvh kh frxog ohdyh wklv orqj0uxq uhodwlrqvkls dqg jhw klv uhvhuydwlrq
xwlolw|1
Wkh vwdjh jdph lv d vlpxowdqhrxv ghpdqg jdph1 Lq hdfk shulrg/ erwk
sod|huv/ ￿up dqg xqlrq/ pdnh vlpxowdqhrxv r￿huv/ ￿s dqg ￿￿/ uhvshfwlyho|1
Erwk r￿huv kdyh wr ehorqj wr wkh ￿qlwh vhw/ zlwk ? hohphqwv/ ￿ ’ i￿Jc￿ ￿c￿ 2c￿￿￿￿
￿?32c￿ Wjc zkhuh f ￿￿ J ￿ ￿￿￿￿￿￿W ￿K ￿Zh dovr dvvxph wkdw { lv wkh glvwdqfh
ehwzhhq wzr frqvhfxwlyh zdjh r￿huv dqg/ wkhuhiruh {’￿W3￿J
?3￿ ￿
Zh lqwurgxfh wzr glvwlqfw ihdwxuhv zlwk uhvshfw wr wkh vwdqgdug vlpxowd0
qhrxv ghpdqg jdph1
Iluvwo|/ zh dvvxph wkdw ehiruh vwduwlqj wkh jdph +dqg dv sduw ri lwv uxohv,/
wkh xqlrq hvwdeolvkhv d elqglqj frpplwphqw wr vwulnh iurp vrph fhuwdlq zdjh
ohyho ￿c zkhqhyhu wkh ￿up r￿huv klp d orzhu zdjh wkdq wkh rqh kh ghpdqgv1
Qrwlfh wkdw wkh vwdqgdug vlpxowdqhrxv ghpdqg jdph lv d sduwlfxodu fdvh/ lq
zklfk ￿ ’ ￿￿￿ Lq dq| fdvh/ zh zdqw wr vwuhvv wkdw wklv elqglqj frpplwphqw
lv qrw sduw ri wkh xqlrq*v vwudwhj|/ exw lqvwhdg/ lw lv jlyhq h{rjhqrxvo|/ wkdw
lv/ lw lv d uxoh ri wkh jdph1 Lq rwkhu zrugv/ lw lv pruh dffxudwh wr wklqn ri
wklv zrun dv wkh dqdo|vlv ri d idplo| ri vwdjh jdphv/ sdudphwul}hg e| ￿￿
Vhfrqgo|/ dv zh zloo vhh qh{w/ zh doorz iru wkh srvvlelolw| ri dq dv|pphwulf
frvw ri vwulnlqj1
9Li wkh ￿up*v r￿hu lv juhdwhu ru htxdo wkdq wkh zdjh wkh xqlrq ghpdqgv/
wkh djuhhg zdjh zloo eh ￿sc dqg wkh qhjrwldwlrq ￿qlvkhv lq wkdw shulrg zlwk
sd|r￿v }sE￿￿c￿ s￿’K ￿ ￿s iru wkh ￿up dqg }￿E￿￿c￿ s￿’￿s iru wkh xqlrq1
Li wkh ￿up*v zdjh r￿hu lv vpdoohu wkdq wkh xqlrq*v ghpdqg/ exw wkh odwwhu lv
qrw olqnhg zlwk wkh vwulnh frpplwphqw/ wkhq wkh djuhhg zdjh lv dovr wkh rqh
r￿huhg e| wkh ￿up/ ￿s￿ Ilqdoo|/ li wkh ￿up*v r￿hu lv vpdoohu wkdq wkh xqlrq*v
ghpdqg/ exw wkh odwwhu lv olqnhg zlwk d vwulnh frpplwphqw/ wkhq wkh sd|r￿
iru erwk sod|huv/ zloo eh fhur iru wkh xqlrq dqg +￿S￿ iru wkh ￿up/ zkhuh S ￿ f1
Wkhvh sd|r￿v uh hfw wkh srvvlelolw| wkdw wkh frvw ri d vwulnh lv dv|pphwulf
ehwzhhq wkh djhqwv1 Lq sduwlfxodu/ li S lv vwulfwo| srvlwlyh/ zh vxssrvh wkdw
lq dgglwlrq wr wkh orvv ri vxusoxv gxh wr wkh devhqfh ri surgxfwlrq/ wkh ￿up
kdv wr ehdu vrph dgghg ￿pdwhuldo frvwv￿ dv wkh orvv ri fxvwrphuv/ wkh frvwv
ri vwrsslqj wkh pdfklqhv/ hwf1111
Zh zloo dvvxph lq zkdw iroorzv/ wkdw wkhuh h{lvwv d zdjh ￿r 5 ￿c vxfk
wkdw S ’ E￿W ￿ ￿r￿￿
Lq wklv vwdjh jdph zlwk ? zdjh r￿huv/ zkhuh ￿ ’ ￿￿/ wkhuh zloo eh ?
Qdvk htxloleuld E￿.￿ lq sxuh vwudwhjlhv1 Dprqj wkhvh ? Qdvk htxloleuld/ ￿
ri wkhp zloo kdyh lghqwlfdo sd|r￿v= E￿JcK￿￿J￿￿ Lq wkhvh htxloleuld/ wkh ￿up
r￿huv ￿J dqg wkh xqlrq ghpdqgv dq| zdjh orzhu wkdq ￿￿1 Z hz l o og h q r w h
dq| ri wkhvh htxloleuld e| ZJ￿ Lq wkh uhpdlqlqj +?￿￿￿ htxloleuld/ wkh xqlrq
ghpdqgv ￿￿ dqg wkh ￿up dovr r￿huv ￿￿ / zkhuh ￿￿ ￿ ￿￿ ￿ ￿W￿ Wkh sd|r￿v
zloo eh E￿￿cK￿ ￿￿￿ iru wkh xqlrq dqg wkh ￿up uhvshfwlyho|1 Zh zloo ghqrwh
wkhvh htxloleuld e| Z￿￿
Lq ￿jxuh 4 zh ghslfw wkh sd|r￿ pdwul{ ri wklv vwdjh jdph zlwk dq duelwudu|
￿ 1 Wkh urz sod|hu lv wkh xqlrq dqg wkh ￿up lv wkh froxpq sod|hu1
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Iljxuh 4
Wzr sduwlfxodu fdvhv ghvhuyh d frpphqw1 Lq wkh ￿uvw rqh/ ￿ ’ ￿￿ dqg
wkhuh duh ? Qdvk htxloleuld1 Wkh ? htxloleulxp sd|r￿v fryhu doo wkh wkh Sduhwr
h!flhqw iurqwlhu/ wkdw lv/ ^E￿JcK￿￿J￿cE￿￿cK￿￿￿￿cE￿2cK￿￿2￿￿￿￿￿￿￿￿￿￿E￿WcK￿
￿W￿o1 Lq wkh vhfrqg rqh/ zlwk ￿ ’ ￿W/ wkhuh duh wzr Qdvk htxloleulxp
￿rxwfrphv￿/ ‘Jc zlwk sd|r￿v E￿JcK￿￿J￿ dqg ‘ W zlwk sd|r￿v E￿WcK￿￿W￿￿
Ohw CA ghqrwh wkh vwdjh jdph uhshdwhg W wlphv/ zkhuh W lv ￿qlwh1 Zh
zloo dvvxph/ edvlfdoo| iru vlpsolflw|/ wkdw wkhuh lv qr glvfrxqwlqj1 Wkh ryhudoo
sd|r￿ iru sod|hu ￿c lq wkh uhshdwhg jdph/ lv vlpso| wkh vxp ri wkh sd|r￿v lq
hdfk shulrg1
Wkh frpplwphqw wr vwulnh vwduwlqj iurp ￿ lv ￿{hg iru wkh uhshdwhg jdph1
Dq dqdo|vlv lq zklfk wkh xqlrq fdq uhylvh lq hyhu| shulrg vxfk frpplwphqw
zloo eh sduw ri ixwxuh uhvhdufk1
Dv zh kdyh fkhfnhg/ wkhuh lv pxowlsolflw| ri htxloleuld lq wkh vwdjh jdph
dqg/ reylrxvo|/ zh kdyh wkh vdph sureohp lq wkh uhshdwhg jdph CA￿ Iru h{0
dpsoh/ hyhu| sdwk ri Qdvk htxloleuld ri wkh vwdjh jdph/ lv d Qdvk htxloleulxp
;ri wkh uhshdwhg jdph CA dqg/ ixuwkhupruh/ lw lv Vxejdph Shuihfw Htxlole0
ulxp +VSH,1 Hylghqwo|/ wklv lpsolhv wkdw Edfnzdug Lqgxfwlrq kdv qr fxwwlqj
srzhu lq rughu wr uh￿qh wkh htxloleulxp vhw lq wklv jdph1 Dv zh zloo vhh lq wkh
qh{w vhfwlrqv/ wkh qrwlrq ri wkh Iruzdug Lqgxfwlrq lv lqghhg deoh wr doohyldwh
wkh pxowlsolflw| sureohp/ glvfduglqj dv xquhdvrqdeohv/ vrph htxloleuld sdwk
ri CA￿
6 Frqvlvwhqf| zlwk Iruzdug Lqgxfwlrq1
Wkh lqwxlwlrq ehklqg wkh IL frqfhsw fdq eh fohduo| revhuyhg wkurxjk d
vlpsoh h{dpsoh1 Frqvlghu wkh uhshdwhg edujdlqlqj jdph/ zkhuh A ’ 2/
￿ ’ i￿Jc￿ Wj/ ￿W : 2￿J dqg ￿ ’ ￿W￿ Wkh sd|r￿ pdwul{ ri wklv vwdjh jdph
lv vkrzq lq ￿jxuh 5/ zkhuh wkh xqlrq lv wkh urz sod|hu dqg wkh ￿up lv wkh
froxpq sod|hu1
￿J ￿W
￿J ￿JcK￿ ￿J ￿WcK￿ ￿W
￿W fc￿S ￿WcK￿ ￿W
Iljxuh 2
Lq wklv vwdjh jdph wkhuh duh wzr Qdvk htxloleuld lq sxuh vwudwhjlhv= E‘J￿
dqg E‘ W￿ +Uhfdoo wkdw +‘J￿c phdqv wkdw erwk sod|huv r￿hu ￿J￿￿ Urxjko|
vshdnlqj/ wkh IL qrwlrq uhtxluhv dq htxloleulxp wr eh frqvlvwhqw zlwk ghgxf0
wlrqv edvhg rq udwlrqdo ehkdylru ri wkh sod|huv lq wkh sdvw1 Lq rwkhu zrugv/
zh kdyh wr orrn iru d udwlrqdo h{sodqdwlrq ri srvvleoh ghyldwlrqv iurp wkh
<htxloleulxp1 D QH wkdw grhv qrw vdwlvi| wklv frqglwlrq pxvw eh frqvlghuhg dv
￿xquhdvrqdeoh￿ dv d srvvleoh suhglfwlrq iru wkh sod| dprqj udwlrqdo sod|huv1
Ohw xv h{dplqh zkhwkhu wkh QH sdwk iE‘J￿cE‘J￿j lv d ￿uhdvrqdeoh￿
suhglfwlrq1 Lq sduwlfxodu/ zh zdqw wr dqdo|}h wkh lqwhusuhwdwlrq zh vkrxog
jlyh wr wkh idfw wkdw wkh xqlrq ghyldwhv iurp ‘J lq wkh ￿uvw shulrg/ ghpdqglqj
￿W dqg vwulnlqj1 E| grlqj vr/ kh zrxog rewdlq d sd|r￿ ri }hur1 Wkh rqo|
udwlrqdo h{sodqdwlrq +zkhqhyhu ￿W : 2￿J￿c lv wkdw kh wulhv wr rewdlq ￿W lq wkh
vhfrqg shulrg1 Wkh frvw ri ghyldwlrq/ ￿Jc lv vpdoohu wkdq wkh srwhqwldo jdlq
ri grlqj lw E￿W ￿￿J￿c+lq fdvh wkh xqlrq vxffhhgv lq frqylqflqj wkh ￿up wkdw
kh lv jrlqj wr sod| ￿W￿￿ Exw/ reylrxvo|/ lw grhv qrw pdnh vhqvh iru wkh ￿up wr
wklqn wkdw wkh xqlrq zloo sod| ￿J lq wkh vhfrqg shulrg1 Rq wkh frqwudu|/ dv zh
kdyh vhhq/ wkhuh lv d udwlrqdo h{sodqdwlrq iru sod|lqj ‘ W￿ Lq rwkhu zrugv/ li
zh uhtxluh d udwlrqdo h{sodqdwlrq iru vxfk d ghyldwlrq/ wkhq wkh htxloleulxp
sdwk iE‘J￿cE‘J￿j lv ￿ghvwdelol}hg￿/ lq wkh vhqvh wkdw wkhuh lv d ghyldwlrq
wkdw zrxog eh fduulhg rxw e| udwlrqdo sod|huv1 Wkhuhiruh iE‘J￿cE‘J￿j lv qrw
d uhdvrqdeoh suhglfwlrq iru C2￿ Lq zkdw iroorzv/ zh zloo vd| wkdw vxfk nlqg ri
sdwkv duh qrw frqvlvwhqw zlwk Iruzdug Lqgxfwlrq +FIL,1
Wkh irupdol}dwlrq ri wkh IL uhtxlvlwh kdv vkrzq wr eh hoxvlyh1 Wkhuh
duh pdq| sursrvdov ri uh￿qhphqwv dqg wkhuh lv qrw d fohdu djuhhphqw lq wkh
olwhudwxuh derxw zklfk lv wkh uljkw rqh1
Ghnho +4<<3, zrunv zlwk wkh frqfhsw ri vwudwhjlf vwdelolw| ri Nrokehuj dqg
Phuwhqv +4<;9, wu|lqj wr uh￿qh wkh htxloleulxp vhw lq d prgho ri vhtxhqwldo
edujdlqlqj dqg jhwv vrph uhvxowv edvhg rq wkh IL orjlf1 Exw/ wkh IL surshu0
wlhv ri vwdeoh htxloleuld/ dv iru h{dpsoh/ wkh surshuw| ri ￿qhyhu d zhdn ehvw
uhvsrqvh￿/ lv rqo| d e|0surgxfw ri shuwxuelqj wkh vwudwhjlf irup ri wkh jdph
43lqvwhdg ri shuwxuelqj wkh qrupdo0djhqw irup dv Vhowhq grhv1 Exw lw lv qrw
fohdu wkdw wklv lqgluhfw zd| ri rewdlqlqj IL surshuwlhv jxdudqwhhv wkdw doo wkh
lpsolfdwlrqv ri wkh IL qrwlrq duh fdswxuhg1
Lq idfw/ dxwkruv dv Ydq Gdpph +4<;<, sursrvh dq dowhuqdwlyh irupxodwlrq
ri IL wkdw vwuhvv wkh qrwlrq ri frqvlvwhqf| ri wkh vljqdov wkdw sod|huv vhqg1
Rxu gh￿qlwlrq ri IL lv kljko| lqvsluhg lq wklv odwwhu dssurdfk1 Vhyhudo dxwkruv
kdyh pdgh sursrvdov ri gh￿qlwlrqv ri IL/ lq wklv gluhfwlrq/ iru wkh fodvv ri
uhshdwhg wzr0shuvrq jdphv zlwk ￿qlwh krul}rq dqg frpsohwh lqirupdwlrq1
Rveruqh +4<<3, vkrzv wkdw hyhu| rxwfrph ri d sdwk ri wkh uhshdwhg jdph/
wkdw fdq eh ￿xsvhw￿ e| d frqylqflqj ghyldwlrq/ lv qrw vwdeoh lq wkh vhqvh ri
Nrokehuj dqg Phuwhqv1 Zh vd| wkdw d sdwk ￿ fdq eh ￿xsvhw￿ e| d frqylqflqj
ghyldwlrq li diwhu d ghyldwlrq ri sod|hu ￿ ri vxfk sdwk lq shulrg |/ wkhuh h{lvwv
d xqltxh frqwlqxdwlrq sdwk ’ lq zklfk wkh sd|r￿ iru sod|hu ￿ vlqfh shulrg |
rqzdugv/ lv juhdwhu wkdq klv sd|r￿ lq ￿￿ Ixuwkhupruh/ lw lv qhfhvvdu| wkdw wkh
rssrqhqw ￿ fdq qrw jdlq e| ghyldwlqj iurp ’￿ D gudzedfn ri wkh Rveruqh*v
gh￿qlwlrq lv wkdw lw grhv qrw uhtxluh wkh frqwlqxdwlrq wr eh frqvlvwhqw zlwk
Iruzdug Lqgxfwlrq1
Srqvvdug +4<<4, dqg Do0Qdmmdu +4<<8, sursrvh gh￿qlwlrqv ri IL iru uh0
shdwhg jdphv/ vlplodu wr wkh Rveruqh*v rqh/ exw wkh| lqfrusrudwh d frqvlv0
whqf| uhtxlvlwh= wkh frqwlqxdwlrqv/ diwhu d ghyldwlrq/ pxvw dovr vdwlvi| wkh
sursrvhg gh￿qlwlrq ri IL1 Wkxv/ wkh sdwkv frqvlvwhqw zlwk IL/ kdyh wr eh
frpsxwhg xvlqj Edfnzdug Lqgxfwlrq1
Rxu gh￿qlwlrq ri IL iru uhshdwhg jdphv/ zrxog vwdwh wkdw zkhqhyhu wkhuh
h{lvwv d ghyldwlrq iru d sod|hu/ zlwk d vwulfwo| srvlwlyh frvw/ lq d QH sdwk/
vxfk wkdw wklv frvw lv vwulfwo| vpdoohu wkdq wkh pd{lpdo qhw jdlq ryhu doo
44wkh srvvleoh frqwlqxdwlrqv frqvlvwhqw zlwk Iruzdug Lqgxfwlrq/ wkhq zh zloo
vd| wkdw vxfk d sdwk zloo qrw eh uhdvrqdeoh ru pruh irupdoo|/ wkdw lv qrw
Frqvlvwhqw zlwk Iruzdug Lqgxfwlrq +FIL,1
Dv zh vdz lq wkh deryh h{dpsoh/ wklv gh￿qlwlrq wulhv wr fdswxuh wkh lghd
wkdw vxfk d ghyldwlrq kdv d udwlrqdo h{sodqdwlrq zklfk ￿ghvwdelol}hv￿ wkh
jlyhq htxloleulxp sdwk1
Qrwlfh wkdw zh rqo| frqvlghu ghyldwlrqv zlwk d vwulfwo| srvlwlyh frvw1 Lq
rwkhu zrugv/ wkh ghyldwlrq kdv wr eh frvwo| lq rughu wr eh fuhgleoh dv d vljqdo
wkdw wkh sod|hu wulhv wr jhw d eljjhu sd|r￿1 Rq wkh rwkhu kdqg/ zh dvn wkhvh
frqwlqxdwlrqv wr eh FIL wkhpvhoyhv dv d plqlpdo frqvlvwhqf| uhtxluhphqw1
Zh qhhg vrph dgglwlrqdo qrwdwlrq/ ehiruh vwdwlqj wkh irupdo gh￿qlwlrq ri
rxu sursrvdo1
Ohw i‘ ￿c‘2￿￿￿￿￿‘ Aj eh d QH sdwk lq CA￿ Uhfdoo wkdw }￿E‘ |￿’}￿E￿|c￿ |￿
lv wkh sd|r￿ iru sod|hu ￿ lq shulrg |/ zkhuh }￿E‘ |￿’￿| dqg }sE‘ |￿’K￿￿|￿
Ohw T
g
￿ eh wkh pd{lpdo sd|r￿ iru sod|hu ￿ dprqj doo wkh FIL sdwkv lq d
uhshdwhg jdph zlwk krul}rq g￿
Gh￿qlwlrq 4 Wkh QH sdwk i‘ ￿c‘2c￿￿￿￿￿‘ Aj lv d Frqvlvwhqw zlwk Iruzdug
Lqgxfwlrq +FIL, sdwkc lq CA li dqg rqo| li i‘ 2c‘￿c￿￿￿￿￿‘ Aj lv d FIL sdwk
lq CA3￿c dqg iru doo ￿/ ￿ ’ ￿csc ￿ 9’ ￿ dqg e ￿￿ 9’ ￿￿
￿c vxfk wkdw
}￿E‘ ￿￿ ￿ }￿E e ￿￿c￿ ￿
￿￿ : fc wkh qh{w frqglwlrq krogv=
}￿E‘









Qrwlfh wkdw wkh vhw ri FIL sdwkv fdq eh frpsxwhg xvlqj Edfnzdug Lq0
gxfwlrq/ ehjlqqlqj e| wkh odvw vwdjh ri wkh jdph1 Olnhzlvh/ lw fdq eh vkrzq
45wkdw lw lv hqrxjk wr fkhfn wkh ghyldwlrq zlwk wkh vpdoohvw frvw1 Revhuyh dovr
wkdw iru A ’ ￿c wkh FIL sdwkv frlqflgh zlwk wkh Qdvk htxloleuld ri J1
Lq wkh qh{w vhfwlrq/ zh zloo dsso| wklv gh￿qlwlrq ri Iruzdug Lqgxfwlrq wr
wkh uhshdwhg edujdlqlqj jdph1
7 Frppplwphqw dqg Iruzdug Lqgxfwlrq1
Zh duh lqwhuhvwhg/ lq wklv vhfwlrq/ lq dqdo|}lqj wkh vhw ri FIL sdwkv ri wkh
uhshdwhg zdjh edujdlqlqj jdph1 Lq sduwlfxodu/ zh zdqw wr h{dplqh zkhwkhu
zlwk d orqj hqrxjk krul}rq W/ dq| sduw| +ru erwk, fdq rewdlq dpruh idyrudeoh
rxwfrph pdnlqj xvh ri wkh vljqdoolqj fdsdflw| lpsolflw lq wkh qrwlrq ri IL1
Dw ￿uvw/ lw grhv qrw vhhp srvvleoh wr rewdlq jhqhudo uhvxowv iru doo wkh
udqjh ri sdudphwhuv ri wkh prgho/ wkhuhiruh zh zloo kdyh wr uhvwulfw wkh vhw
ri ihdvleoh ydoxhv1 D ￿qdwxudo￿ uhvwulfwlrq/ wkdw fdswxuhv dq lqwhuhvwlqj fdvh/
zrxog eh wr dvvxph wkdw=
-+ ￿J ￿￿ W ￿ ￿J￿￿ Wkdw lv/ wkh frvw ri wkh vwulnh iru wkh xqlrq + lq fdvh
wkh ￿up r￿huv wkh vpdoohvw srvvleoh zdjh, lv ohvv wkdq klv pd{lpdo qhw jdlq/
dqg rq wkh rwkhu kdqg/
-+ K ￿ ￿W ￿ ￿W ￿ ￿J￿￿ Wkdw lv/ iru wkh ￿up wkh frvw ri vx￿hulqj wkh
vwulnh +lq fdvh wkh xqlrq fodlpv wkh kljkhvw zdjh, lv juhdwhu ru htxdo wkdq khu
pd{lpdo srwhqwldo jdlq1 Qrwh wkdw zh glvwlqjxlvk ehwzhhq wkh frvwv ri qrw
uhfhlylqj wkh vkduh wkdw vkh zrxog kdyh rewdlqhg lq wkh qhjrwldwlrq ri wkh
vxusoxv/ dqg dqrwkhu vruw ri frvwv ri d vwulnh +wkrvh zh phqwlrqhg lq vhfwlrq
5,1 Lq wklv fdvh/ reylrxvo|/ EK ￿ ￿W n S￿ ￿ E￿W ￿ ￿J￿ nE ￿W ￿ ￿r￿￿ Qrwlfh
wkdw lw pljkw eh wkh fdvh wkdw EK ￿ ￿W￿ ￿ E￿W ￿ ￿J￿c exw EK ￿ ￿W n S￿ ￿
46+￿W ￿ ￿J￿ nE ￿W ￿￿￿￿c zlwk ￿￿ :￿ r￿
Zh zloo qrw glvwlqjxlvk wkhvh gl￿huhqw srvvlelolwlhv lq zkdw iroorzv dqg
zh zloo zrun zlwk wkh uhvwulfwlrq EK ￿ ￿W n S￿ ￿ E￿W ￿ ￿J￿ nE ￿W ￿ ￿r￿￿
Reylrxvo|/ zlwk wkhvh uhvwulfwlrqv rq wkh sdudphwhuv/ zh duh jlylqj pruh
vljqdoolqj srvvlelolwlhv wr wkh xqlrq dv frpsduhg wr wkrvh ri wkh ￿up1 Wkhuh0
iruh/ lqwxlwlrq vxjjhvwv wkdw shukdsv/ iru d vx!flhqwo| orqj krul}rq/ vrph QH
sdwkv xqidyrudeoh iru wkh xqlrq zrxog glvdsshdu iurp wkh vhw ri FIL sdwkv1
Wkh uhdvrq lv wkdw wkh odwwhu zrxog eh deoh wr ghvwdelol}h wkrvh sdwkv zlwk
fuhgleoh ghyldwlrqv1 Rq wkh frqwudu|/ lw lv pruh frvwo| dqg gl!fxow iru wkh
￿up wr fduu| rxw wklv ehkdylru1 Lq idfw/ Ghnho +4<<3,/ lq wkh vkruw h{lvwlqj
olwhudwxuh ri IL rq edujdlqlqj prghov/ rewdlqv krz wkh IL orjlf holplqdwhv
￿yhu| eldvhg￿ htxloleuld iru dq| ri wkh sod|huv/ lq d v|pphwulf vlwxdwlrq1
Exw wkh txhvwlrq zh zdqw wr dgguhvv lq wklv zrun lv xqghu zklfk frqglwlrqv
wkh xqlrq fdq jhw klv suhihuuhg zdjh dv dyhudjh sd|r￿ lq doo FIL sdwkv ri
QH/ dv wkh krul}rq whqgv wr lq￿qlw|1 Wkdw lv/ xqghu zklfk flufxpvwdqfhv wkh
xqlrq lv deoh wr h{sorlw wr wkh pd{lpxp wkh vljqdoolqj dgydqwdjh zh kdyh
jlyhq wr klp1
Wkh ￿uvw sursrvlwlrq vkrzv wkdw rqo| lq wkh jdph zkhuh wkh xqlrq frp0
plwv wr vwulnh mxvw zlwk wkh kljkhvw srvvleoh zdjh/ wkdw lv/ ￿ ’ ￿Wc kh rewdlqv




L wkh orzhvw FIL sd|r￿ ri wkh xqlrq iru dq krul}rq A￿
Sursrvlwlrq 4 Ohw CA eh d uhshdwhg zdjh edujdlqlqj jdph1 Dvvxph wkdw
￿W : 2￿J dqg EK ￿￿W￿ ￿ ￿W ￿ ￿J￿ Ohw ￿ ’ ￿W￿ Wkhq=
T
A
L ’ A￿ J n AE? ￿ ￿￿{￿
47T
A
L ’ A￿ J nE A ￿ ￿￿E? ￿￿￿{￿
Surri1
Dv zh vdlg deryh/ ￿J vwdqgv iru wkh uhvhuydwlrq zdjh ri wkh xqlrq dqg ￿W
lv wkh kljkhvw zdjh wkdw wkh xqlrq fdq uhdfk/ dqg ￿W ’ ￿JnE?￿￿￿{￿ Zkhuh
{ lv wkh glvwdqfh ehwzhhq wzr frqvhfxwlyh zdjh r￿huv1 Uhfdoo wkdw wkhuh duh
? zdjh r￿huv/ exw rqo| wzr Qdvk htxloleuld sd|r￿v lq wkh vwdjh jdph1
Iru A ’￿ c zh nqrz wkdw T
￿
L ’ ￿J nE?￿￿￿{ dqg T
￿
L ’ ￿J￿ Lq wklv fdvh
wkh vhw ri FIL sdwkv frlqflghv zlwk wkh vhw ri Qdvk Htxloleuld +QH, ri J1
Dvvxph wkdw A ’ 2￿
- Wkh pd{lpdo FIL sd|r￿ iru wkh xqlrq lv T
2
L ’ 2￿W ’ 2￿Jn2E?￿￿￿{￿
Wklv lv gxh wr wkh idfw wkdw wkh ￿up zloo qrw ghyldwh iurp wkh sdwk
E‘ Wc‘W￿/ ehfdxvh wkh frvw ri ghyldwlqj/ +K ￿ ￿W￿c lv juhdwhu wkdq wkh pd{0
lpdo qhw jdlq ri grlqj lw/ +￿W ￿ ￿J￿1 Wkh xqlrq/ reylrxvo|/ zloo qrw ghyldwh
ri wklv sdwk1
- Wkh plqlpdo FIL sd|r￿ ri wkh xqlrq lv= T
2
L ’ 2￿J nE ? ￿ ￿￿{￿
Wkh sdwk ~ ‘Jc‘ Jj lv qrw FIL ehfdxvh wkh xqlrq kdv d frvw ri ghyldwlrq
ri ￿J dqg d pd{lpdo qhw jdlq ri E￿W ￿ ￿J￿￿
Reylrxvo|/ wkh sdwk ~‘ Wc‘Jj lv FIL/ ehfdxvh wkh ￿up kdv khu ehvw frq0
wlqxdwlrq lq A ’ ￿ dqg wkh xqlrq grhv qrw kdyh dq| ghyldwlrq zlwk d vwulfwo|
srvlwlyh frvw1
Vxppdul}lqj/ lq A ’2G
T
2
L ’ 2￿J n2 E ? ￿ ￿￿{￿
T
2
L ’ 2￿J nE ? ￿ ￿￿{1
Dvvxph wkdw wkh sursrvlwlrq krogv iru A ’ gc zh zloo vkrz wkhq wkdw
krogv iru A ’ g n￿ ￿
48- Wkh pd{lpdo FIL sd|r￿ ri wkh xqlrq lq A ’ g n￿ c T
gn￿
L ’ Eg n
￿￿￿J nE g n￿ ￿ E ? ￿ ￿￿{￿
Zh nqrz wkdw wkh frqwlqxdwlrq lq g zlwk d sd|r￿ ri +g￿JngE?￿￿￿{￿
lv FIL zlwk fhuwdlqw|1 Zh fkhfn wkdw wkh sdwk vwduwhg zlwk ￿W iroorzhg e|
wklv frqwlqxdwlrq zloo eh FIL ehfdxvh wkh ￿up zloo qrw ghyldwh/ vlqfh wkh frvw
iru khu lv EK￿￿W￿ zklfk lv juhdwhu wkdq khu qhw jdlq ri E?￿￿￿{ 1 Wkh xqlrq
zloo dovr qrw ghyldwh ehfdxvh kh grhv qrw kdyh d ghyldwlrq zlwk d vwulfwo|
srvlwlyh frvw1 Wkhuhiruh/ T
gn￿
L ’ Eg n￿ ￿ ￿J nE g n ￿￿E? ￿ ￿￿{￿
- Wkh plqlpdo FIL sd|r￿ ri wkh xqlrq lq A ’ g n￿ cT
gn￿
L ’ Eg n
￿￿￿J n gE? ￿￿￿{￿
Zh fdq wdnh wkh FIL frqwlqxdwlrq zlwk fhuwdlqw| lq A ’ g z l w kds d | r ￿
iru wkh xqlrq ri g￿J nE g ￿￿￿E?￿￿￿{￿ Zh fdq fkhfn wkdw d sdwk vwduwlqj
zlwk ￿J/ iroorzhg e| wklv frqwlqxdwlrq lv qrw d FIL sdwk/ ehfdxvh wkh xqlrq
zloo ghyldwh1 Lw fdq dovr eh fkhfnhg zlwk vlplodu dujxphqwv wr wkrvh xvhg
deryh wkdw/ d sdwk lqlwldwhg lq g n￿zlwk ￿W dqg zlwk wklv frqwlqxdwlrq lv
d FIL sdwk/ ehfdxvh wkh ￿up kdv klv ehvw frqwlqxdwlrq dqg zloo qrw ghyldwh1
Wkh xqlrq zloo dovr qrw ghyldwh ehfdxvh lv d sdwk vwduwhg zlwk wkh zdjh ￿W￿
Wkhuhiruh/ T
gn￿
L ’ Eg n￿ ￿ ￿J n gE? ￿ ￿￿{￿
Lw iroorzv/ xqghu wkh uhvwulfwlrqv lpsrvhg rq wkh sdudphwhuv/ wkdw wkh
ehvw rswlrq iru wkh xqlrq li wklv odwwhu frxog fkrrvh/ zrxog eh wr olqn klv
frpplwphqw wr vwulnh rqo| zlwk klv suhihuuhg zdjh1 Zh kdyh qrw |hw dqdo|}hg
zkdw wkh xqlrq fdq jhw zlwk rwkhu frpplwphqwv/ exw lq dq| fdvh/ lw lv hylghqw
wkdw kh frxog rewdlq dw ehvw wkh vdph uhvxow lq sd|r￿v1
49Qhyhuwkhohvv/ wklv uhvxow kdv d qhjdwlyh fkdudfwhu lq vrph vhqvh/ ehfdxvh
lq pdq| flufxpvwdqfhv lw zrxog qrw eh fuhgleoh ru srvvleoh wr frpplw wr
vwulnh J?,+ zlwk ￿W￿ Li zh zdqw wr rewdlq d vlplodu uhvxow iru gl￿huhqw jdphv/
l1h1/ jdphv fkdudfwhul}hg e| ￿ 9’ ￿Wc wkhq zh qhhg wr lpsrvh dgglwlrqdo
uhvwulfwlrqv rq wkh sdudphwhuv1
Wkh qh{w uhvxow zh suhvhqw ghdov zlwk d vlwxdwlrq lq zklfk wkh lqfhqwlyhv wr
vwulnh lq rughu wr jhw kljkhu zdjhv e| wkh xqlrq duh qrw rqo| srvlwlyhv exw dovr
vx!flhqwo| kljk ru/ dowhuqdwlyho|/ wkh lqfhqwlyhv ri wkh ￿up wr uhvlvw wkh vwulnhv
duh orz hqrxjk1 Lq sduwlfxodu/ dvvxph wkdw +K￿￿WnS￿ ￿ E￿W￿￿J￿nE￿W￿￿r￿
dqg E￿W ￿￿r3￿￿ :￿ J￿
Wklv odvw uhvwulfwlrq fruuhvsrqgv zlwk d vlwxdwlrq lq zklfk/ wkh uhvhuyd0
wlrq zdjh lv yhu| orz ru dowhuqdwlyho|/ wkh suhihuuhg zdjh/ ghulyhg iurp wkh
uhvhuydwlrq sur￿wdelolw| ri wkh ￿up/ lv uhodwlyho| yhu| kljk1 Wkdw lv/ ￿W :
+2￿J nE r ￿ ￿￿{￿ lqvwhdg ri ￿W : 2￿J￿
Lq wklv fdvh/ li wkh xqlrq olqnv klv frpplwphqw wr vwulnh wr wkh zdjh
￿ ’ ￿r / jhwv dovr klv suhihuuhg zdjh dv dyhudjh sd|r￿ lq dq| FIL sdwk/ iru
d krul}rq kljk hqrxjk1
Sursrvlwlrq 5 Ohw CA eh d uhshdwhg zdjh edujdlqlqj jdph￿ Dvvxph wkdw
￿W : E2￿J nE r ￿ ￿￿{￿ dqg +K ￿ ￿W n S￿ ￿ E￿W ￿ ￿J￿ nE ￿W ￿ ￿r￿c zkhuh
r ￿ E? ￿ 2￿￿ Ohw ￿ ’ ￿r￿ Wkhq/
T
A
L ’ A ￿￿J n A ￿ E? ￿ ￿￿ ￿ {￿
T
A
L ￿ A ￿ ￿J nE A ￿ 2￿ ￿ E? ￿ ￿￿￿ {nr ￿ { iru A ￿ 2￿
T
A
L ￿ A ￿ ￿J nE A ￿ ￿￿ ￿ E? ￿ ￿￿ ￿ {￿
4:Surri1
Vrphwlphv zh zloo xvh ￿W
3￿ wr ghqrwh wkh zdjh ￿?3￿3￿￿
Vxssrvh A ’ ￿￿
Uhfdoo wkdw lq wklv fdvh/ wkh vhw ri FIL sdwkv frlqflghv zlwk wkh vhw ri
Qdvk Htxloleuld +QH, ri J1
Wkhq/ T
￿
L ’ ￿W ’ ￿J nE ? ￿ ￿￿{/ dqg T
￿
L ’ ￿J￿
Dvvxph A ’ 2￿
- Wkh pd{lpdo FIL sd|r￿ ri wkh xqlrq vdwlv￿hv T
2
L ’ 2￿J n2 E ? ￿ ￿￿{￿
Wklv lv gxh wr wkh idfw wkdw wkh ￿up zloo qrw ghyldwh ri wkh sdwk i‘ Wc‘Wjc
ehfdxvh wkh frvw ri ghyldwlqj/ +K ￿ ￿W n S￿c lv juhdwhu wkdq wkh pd{lpdo qhw
jdlq ri grlqj lw/ E￿W￿￿J￿￿ Wkh xqlrq/ hylghqwo|/ zloo dovr qrw ghyldwh ehfdxvh
lw lv klv ehvw srvvleoh sd|r￿1
- Wkh plqlpdo FIL sd|r￿ ri wkh xqlrq vdwlv￿hv T
2
L ￿ 2￿J n r{￿
Zh nqrz wkdw wkh sdwk i‘Jc‘Jj lv qrw FIL/ ehfdxvh wkh xqlrq kdv d
frvw iurp ghyldwlqj ri ￿Jc zkloh wkh qhw jdlq lv E￿W ￿ ￿J￿￿
Dqdo|}h qh{w wkh sdwk i‘rc‘ Jj￿ Qrwlfh wkdw wkh ￿up zloo qrw ghyldwh
vlqfh kdv wkh ehvw srvvleoh frqwlqxdwlrq1 Rq wkh rwkhu kdqg/ wkh frvw ri d
ghyldwlrq iru wkh xqlrq lv ￿J nr{c dv frqwudvwhg zlwk d qhw jdlq ri ￿W ￿￿Jc
wkdw lv E? ￿ ￿￿{￿ Dv E? ￿ r ￿ ￿￿{ ￿ E? ￿ r￿ {’E ￿W ￿ ￿r3￿￿ zh fdq qrw
glvfdug wkdw wklv sdwk lv FIL1 Wkhuhiruh/ T
2
L ￿ 2￿J n r{￿
- Wkh plqlpdo FIL sd|r￿ ri wkh xqlrq vdwlv￿hv T
2
L ￿ 2￿J nE ? ￿ ￿￿{￿
Reylrxvo|/ wkh sdwk i‘ Wc‘Jj lv FIL/ vlqfh wkh ￿up kdv khu ehvw frq0
wlqxdwlrq lq A ’ ￿ dqg wkh xqlrq grhv qrw kdyh d ghyldwlrq zlwk d vwulfwo|
srvlwlyh frvw1 Lw fdq eh hdvlo| fkhfnhg wkdw d FIL sdwk zlwk d orzhu sd|r￿
iru wkh xqlrq grhv qrw h{lvw zlwk fhuwdlqw|/ ehfdxvh wkrvh zlwk d frqwlqxdwlrq
4;ri ‘J/ wkh xqlrq pljkw kdyh lqfhqwlyhv wr ghyldwh dqg lq wkrvh sdwkv zlwk d
frqwlqxdwlrq gl￿huhqw iurp ‘Jc wkh ￿up zloo ghyldwh zlwk fhuwdlqw|1
Vxppdul}lqj/ lq A ’ 2G
T
2
L ’2 ￿J n2 E ? ￿ ￿￿{￿
T
2
L ￿ 2￿J n r ￿ {1
T
2
L ￿ 2￿J nE ? ￿ ￿￿{1
Qrz/ zh dsso| wkh lqgxfwlyh k|srwkhvlv1 Dvvxph wkdw wkh sursrvlwlrq
krogv iru A ’ g1 Zh zloo ghprqvwudwh wkdw lw krogv iru A ’ g n￿ ￿
- Wkh pd{lpdo FIL sd|r￿ ri wkh xqlrq lq A ’ g n￿ c T
gn￿
L ’ Eg n
￿￿￿J nE g n￿ ￿ E ? ￿ ￿￿{￿
Zh nqrz wkdw wkh frqwlqxdwlrq lq g zlwk d sd|r￿ ri +g￿JngE?￿￿￿{￿
lv FIL zlwk fhuwdlqw|1 Zh fkhfn wkdw wkh sdwk vwduwlqj lq g n￿zlwk wkh
zdjh ￿W dqg iroorzhg e| wklv frqwlqxdwlrq sd|r￿/ lv dovr d FIL sdwk1 Wkh
￿up kdv d ghyldwlrq frvw ri K ￿ ￿W n S dqg wkh qhw jdlq/ dw ehvw/ lv g￿J n
gE? ￿ ￿￿{ ￿ dg￿J nE g ￿2￿E? ￿ ￿￿{ n r{o ’
E2E? ￿￿￿{￿ r{￿ ’ E2? ￿ r ￿ 2￿{￿
Dv E￿W ￿￿J￿ nE ￿W ￿￿r￿ ’E 2 ? ￿ r ￿￿￿{ lv vwulfwo| juhdwhu wkdq E2? ￿
2 ￿ 2r￿{c wklv sdwk lv FIL zlwk fhuwdlqw|1
Wkhuhiruh/ T
gn￿
L ’ Eg n￿ ￿ ￿J nE g n￿ ￿ E ? ￿ ￿￿{￿
- Wkh plqlpdo FIL sd|r￿ ri wkh xqlrq lq g n ￿ vdwlv￿hv T
gn￿
L ￿ Eg n
￿￿￿J n gE? ￿￿￿{￿
Zh fdq wdnh wkh FIL frqwlqxdwlrq zlwk fhuwdlqw| lq A ’ g zlwk wkh orzhvw
zdjh eloo/ wkdw lv/ wkh rqh zlwk d sd|r￿ iru wkh xqlrq ri g￿JnEg￿￿￿E?￿￿￿{￿
Lw fdq fkhfnhg zlwk vlplodu dujxphqwv wr wkrvh xvhg deryh wkdw/ d sdwk
lqlwldwhg zlwk ￿W dqg zlwk wklv frqwlqxdwlrq lv d FIL sdwk/ dqg ixuwkhupruh/
4<wkhuh lv qr dqrwkhu sdwk zlwk d orzhu zdjh eloo wkdw lv FIL zlwk fhuwdlqw|1
- Wkh plqlpdo FIL sd|r￿ lq g n ￿ iru wkh xqlrq vdwlv￿hv T
gn￿
L ￿ Eg n
￿￿￿J nE g ￿ ￿￿E? ￿ ￿￿{ n r{￿
Wdnh d frqwlqxdwlrq lq A ’ g wkdw pljkw eh FIL zlwk wkh orzhvw srvvleoh
zdjh eloo1 Wkdw lv/ d frqwlqxdwlrq sd|r￿ g￿J n Eg ￿ 2￿E? ￿ ￿￿{n r{￿
Vwduw zlwk d lqlwldo zdjh ri ￿J dqg wklv frqwlqxdwlrq1 Wkh qhw jdlq ri wkh
xqlrq iurp ghyldwlqj lv g￿JngE?￿￿￿{￿dg￿JnEg￿2￿E?￿￿￿{nr{o ’
E2? ￿ r ￿ 2￿{￿ W k l vj d l ql vj u h d w h ur uh t x d ow k d qE? ￿ r￿{￿ Wkhuhiruh/ wklv
sdwk lv qrw FIL1
H{dplqh qh{w d sdwk wkdw ehjlqv zlwk wkh zdjh ￿rc iroorzhg e| wkh iruphu
frqwlqxdwlrq sd|r￿1 Wkh frvw ri ghyldwlqj iru wkh xqlrq lv ￿J nr{c dqg wkh
qhw jdlq lv E2?￿2￿r￿{￿ Wkxv/ wklv sdwk lv qrw FIL/ vlqfh= E2?￿2￿2r￿{ ￿
E? ￿ r￿{￿ Exw/ wklv lv htxlydohqw wr ? ￿ r n 2￿
Lw fdq eh fkhfnhg wkdw lq sdwkv lqlwldwhg zlwk zdjhv ￿ 9’ ￿W iroorzhg e|
wklv frqwlqxdwlrq wkh xqlrq zrxog ghyldwh1 Iru h{dpsoh/ zlwk dq lqlwldo zdjh
ri ￿W
3￿c wkh ghyldwlrq frvw lv ￿JnE?￿2￿{c wkhq/ jlyhq wkdw +E2?￿2￿r￿{￿
E? ￿ 2￿￿{ ’ E? ￿r￿{c wklv sdwk lv qrw FIL zlwk fhuwdlqw|1
Exw/ wkh sdwk wkdw ehjlqv zlwk ￿W iroorzhg e| wkh frqwlqxdwlrq zklfk zh
duh zrunlqj zlwk/ pd| eh FIL / ehfdxvh wkh ￿up kdv khu ehvw frqwlqxdwlrq
iurp wkrvh wkdw pljkw eh FIL1
Lw lv hdv| wr frq￿up wkdw dqrwkhu sdwkv zlwk orzhu zdjh eloo/ frqvwuxfwhg
zlwk d voljkw juhdwhu frqwlqxdwlrq sd|r￿/ duh qrw FIL1
Wkhuhiruh/ zh frqfoxgh= T
gn￿
L ￿ Eg n ￿￿￿J nE g ￿ ￿￿E? ￿￿￿{n r{￿
Lw iroorzv dv d fruroodu| iurp wklv sursrvlwlrq/ wkdw li wkh krul}rq lv orqj
53hqrxjk/ wkh xqlrq fdq jxdudqwhh klpvhoi klv suhihuuhg sd|r￿ dv dyhudjh sd|0
r￿/ lq dq| FIL sdwk1
Fruroodu| 4 Wkh plqlpdo dyhudjh sd|r￿ iru wkh xqlrq lq dq| FIL sdwk ri
CA +zklfk vdwlv￿hv wkh uhvwulfwlrqv lpsrvhg lq sursrvlwlrq 5, frqyhujhv wr ￿W
dv A $4 ￿
Wkhvh uhvxowv vkrz krz xqghu fhuwdlq frqglwlrqv/ wkh xqlrq xvlqj wkh
vljqdoolqj delolw| lpsolflw lq wkh IL qrwlrq lv deoh wr rewdlq klv suhihuuhg sd|0
r￿/ dv li kh frxog fuhgleo| frpplw wr sod| klv ￿Vwdfnhoehuj vwudwhj|￿ +wkdw
lv/ ￿dozd|v ghpdqg ￿W￿￿￿ Wkhvh uhvxowv duh vlplodu wr wkrvh rewdlqhg zlwk
wkh uhsxwdwlrq h￿hfwv dssurdfk +Ixghqehuj dqg Ohylqh/ 4<;<,/ frqvlvwlqj ri
shuwxuelqj wkh jdph CA zlwk vrph sduwlfxodu nlqg ri lqfrpsohwh lqirupd0
wlrq1 Qdpho|/ doorzlqj iru wkh h{lvwhqfh ri d w|sh ri xqlrq frpplwwhg wr wkh
Vwdfnhoehuj vwudwhj|1
Qrwlfh wkdw lq wkh frqglwlrq ri Sursrvlwlrq 5/ wkhuh lv lpsolflwo| d fohdu
wudgh0r￿ ehwzhhq wkh lqfhqwlyhv wr vwulnh ri wkh xqlrq dqg wkrvh wr uhvlvw wkh
vwulnh ri wkh ￿up1 Lq rughu wr jhw vwurqj uhvxowv +lq whupv ri wkh sursrvl0
wlrq,/ zkhqhyhu wkh lqfhqwlyhv wr uhvlvw vwulnhv ri wkh ￿up duh uhodwlyho| orz
+iru h{dpsoh/ ehfdxvh ri yhu| kljk pdwhuldo frvwv/ f,/ wkhq zh gr qrw qhhg
uhodwlyho| kljk lqfhqwlyhv wr vwulnh ri wkh xqlrq/ dqg ylfhyhuvd1
Lq sduwlfxodu/ iru wkh jdph ￿ ’ ￿￿c wkdw lv/ wkh vwdqgdug vlpxowdqhrxv
ghpdqg vwdjh jdph/ wkh uhvwulfwlrq frqfhuqlqj wkh xqlrq*v lqfhqwlyhv lv djdlq
￿W : 2￿Jc exw wkhq/ zh qhhg wkh orzhvw srvvleoh lqfhqwlyhv wr uhvlvw vwulnhv
iru wkh ￿up1
Sursrvlwlrq 6 Ohw CA eh d uhshdwhg zdjh edujdlqlqj jdph￿ Dvvxph wkdw/
54￿W : 2￿J / dqg/ +K ￿ ￿W n S￿ ￿ E￿W ￿ ￿J￿ nE ￿W ￿ ￿￿￿1O h w￿ ’ ￿￿￿ Wkhq=
T
A
L ’ A ￿ ￿J n A ￿ E? ￿ ￿￿ ￿ {￿
T
A
L ￿ A ￿ ￿J nE A ￿2￿￿ E? ￿ ￿￿ ￿ {n{ iru A ￿ 2￿
T
A
L ￿ A ￿ ￿J n EA ￿ ￿￿ ￿ E? ￿￿￿￿ {￿
Surri1
Zh rplw lw ehfdxvh lw lv frpsohwho| vlplodu wr wkh rqh ri Sursrvlwlrq 51
Wkhuhiruh/ iru dq| sduwlfxodu vwdjh jdph/ fkdudfwhul}hg e| d frqfuhwh ￿c
zh qhhg gl￿huhqw uhvwulfwlrqv rq wkh sdudphwhuv lq rughu wr jhw vwurqj ￿frp0
plwphqw￿ h￿hfwv1 Iurp dqrwkhu srlqw ri ylhz/ ohw xv dvvxph wkdw wkh xqlrq
fdq fkrrvh klv frpplwphqw zdjh ohyho/ ￿c rqfh iru doo ehiruh wkh uhshdwhg
jdph vwduwv1 Wkhq/ rxu uhvxowv fkdudfwhul}h wkh rswlpdo fkrlfh ri ￿ iru doo
srvvleoh ydoxhv ri wkh sdudphwhuv zlwklq wkh edvlf uhvwulfwlrqv hvwdeolvkhg dw
wkh ehjlqqlqj ri wklv vhfwlrq1
Lq doo wkh suhylrxv sursrvlwlrqv/ wkh IL orjlf vwurqjo| zrunv wr wkh dg0
ydqwdjh ri wkh xqlrq/ dqg zh rewdlq yhu| vlplodu h￿hfwv wr wkh vr0fdoohg
uhsxwdwlrq h￿hfwv1 D qdwxudo txhvwlrq zrxog eh wr dqdo|}h zkdw kdsshqv lq
wkh fdvhv qrw frqwhpsodwhg e| wkh uhvwulfwlrqv ri wkh sursrvlwlrqv1 Wklv lv
zkdw zh glvfxvv lq wkh qh{w vhfwlrq
8 Ilqdo Frpphqwv dqg Frqfoxvlrqv1
Zh zloo suhvhqw lq wklv vhfwlrq vrph jhqhudo frpphqwv derxw wkh nlqg ri
phfkdqlvpv wkdw zrun rxw zkhq wkh uhvwulfwlrqv lpsrvhg lq wkh deryh sursr0
55vlwlrqv gr qrw krog1 Zh zdqw wr nqrz zklfk uhvwulfwlrqv lpsrvh wkh IL qrwlrq
zkhq wkh iroorzlqj frqglwlrqv duh vdwlv￿hg=
- K￿ ￿W n S ￿ E￿W ￿￿J￿ nE ￿W ￿ ￿r￿
- ￿W ￿￿J :￿ Jc
- ￿ ’ ￿r dqg ￿r 9’ ￿￿c￿ W￿
D ￿uvw frqfoxvlrq lv wkdw lw lv lpsrvvleoh wr rewdlq vwurqj dqg idyrudeoh
uhvxowv iru wkh xqlrq dv wkrvh suhvhqwhg lq wkh odvw vhfwlrq1 Wkdw lv/ lw fdq qrw
eh vkrzq wkdw lq dq| FIL sdwk/ wkh xqlrq jhwv wkh ehvw zdjh ￿W dv dyhudjh
sd|r￿ ru frphv forvh wr lw/ zkhq wkh krul}rq lv vx!flhqwo| orqj1 Wklv lv gxh
wr wkh idfw wkdw wkh xqlrq*v lqfhqwlyhv wr vljqdo +dqg wr vwulnh, duh qrw vwurqj
hqrxjk dqg2ru wkrvh ri wkh ￿up wr uhvlvw wkh vwulnhv duh qrw vx!flhqwo| zhdn1
Irupdoo|/ wkh iruphu fdxvhv wkdw wkh orzhu erxqg ri wkh plqlpdo sd|r￿
iru wkh xqlrq lv qrw vx!flhqwo| kljk1 Wklv lv ehfdxvh/ dowkrxjk wkh qhw jdlq
iru vwulnlqj lv juhdwhu wkdq klv frvw/ lw lv qrw kljk hqrxjk iru wkh xqlrq wr
eh deoh wr ghvwdelol}h sdwkv zlwk uhodwlyho| orz zdjh eloov1 Wklv ohdgv wr dq
lqfuhdvh lq wkh xsshu erxqg ri wkh FIL pd{lpdo sd|r￿ iru wkh ￿up/ zklfk dw
wkh vdph wlph lqfuhdvhv wkh lqfhqwlyhv ri wkh ￿up wr ghyldwh iurp wkrvh sdwkv
pruh idyrudeoh iru wkh xqlrq +dv iru h{dpsoh/ wkrvh frpsrvhg ri htxloleuld
‘ Wh{foxvlyho|￿￿
Wkhuhiruh/ wkh sd|r￿ ri wkh sdwk zlwk d kljkhu zdjh eloo/ wkdw zh frxog
nqrz zlwk fhuwdlqw| wkdw lv FIL/ glplqlvkhv1 Qdpho|/ lw jrhv dzd| iurp
wkh sdwk lq zklfk doo lwv frpsrqhqwv duh ‘ W￿ Exw/ dw wkh vdph wlph/ wklv
uhlqirufhv/ lq sdwkv zlwk orqjhu krul}rqv/ wkh whqghqf| ri wkh orzhu erxqg ri
wkh plqlpxp sd|r￿ ri wkh xqlrq wr eh uhodwlyho| orz/ jlyhq wkdw wkh qhw jdlq
ri zklfk wkh xqlrq fdq eh vxuh lv vpdoohu + uhgxflqj wkh lqfhqwlyhv wr ghyldwh
56iurp sdwkv zlwk orz zdjhv,1
Vxppdul}lqj/ wkh idfw wkdw wkh lqfhqwlyhv wr vljqdo ri erwk sduwlhv duh
qrw lq rqh fdvh vx!flhqwo| kljk dqg/ lq wkh rwkhu/ orz hqrxjk/ surgxfhv d
phfkdqlvp wkdw ihhgv edfn uhflsurfdoo|/ kroglqj wkh orz erxqg ri wkh FIL
plqlpxp dyhudjh sd|r￿ ri wkh xqlrq idu iurp ￿Wdv dyhudjh1
Doo wkh uhvxowv rewdlqhg xqwlo qrz uhihu wr d vlwxdwlrq gh￿qhg e| wkh
uhvwulfwlrqv lpsrvhg lq wkh odvw vhfwlrq1 Dv zh vdlg deryh/ vxfk uhvwulfwlrqv
fkdudfwhul}h dq @R o ￿ J o ￿￿idyrudeoh￿ vlwxdwlrq iru wkh xqlrq1 Vlploduo|/ zh
pljkw dqdo|}h wkh lqyhuvh vlwxdwlrq/ ￿sur￿wdeoh￿ iru wkh ￿up lq wklv fdvh1
Wkdw lv/ wkh rqh lq zklfk wkh frvw ri uhvlvwlqj wkh vwulnh iru wkh ￿up lv ohvv
wkdq wkh qhw jdlq ri grlqj lw/ dqg rq wkh frqwudu|/ wkh frvw ri vwulnlqj iru wkh
xqlrq lv juhdwhu wkdq klv qhw jdlq1 Irupdoo|/ EK ￿ ￿W n S￿ ￿ E￿W ￿ ￿J￿ dqg
￿J ￿ E￿W ￿ ￿J￿￿
Pruh lqwhuhvwlqj vhhpv d vlwxdwlrq lq zklfk erwk sduwlhv kdyh @R o￿Jo￿ d
srvlwlyh lqfhqwlyh wr vljqdo +wr vwulnh dqg wr uhvlvw wkh vwulnh/ uhvshfwlyho|,1
Lq wklv fdvh/ ￿W ￿￿J :￿ J dqg ￿W ￿ ￿J :K￿ ￿W￿
D pruh ghwdlohg dqdo|vlv ri wklv fdvh ehorqjv wr ixwxuh uhvhdufk1 Exw/ rqh
zrxog h{shfw wkdw wkh vljqdoolqj delolw| ri erwk djhqwv zrxog pdnh glvdsshdu
dv FIL sdwkv/ wkrvh uhvxowv h{fhvvlyho| eldvhg dqg wkdw rqo| zrxog ￿vxuylyh￿
lqwhuphgldwh zdjhv1 Wklv lv wkh vruw ri uhvxowv rewdlqhg lq wkh IL olwhudwxuh
dv lq wkh uhshdwhg Edwwoh ri Vh{hv/ iru h{dpsoh1
Mxvw wr looxvwudwh wklv lqwxlwlrq/ wdnh dv frqvwlwxhqw jdph wkh rqh ri ￿jxuh
5 dqg dvvxph wkdw wkh deryh uhvwulfwlrqv rq wkh sdudphwhuv duh vdwlv￿hg1 Lw
lv hdv| wr fkhfn/ wkdw iru A ’ 2c wkh sdwk i‘ Wc‘Wj zrxog qrw eh FIL/ dqg
qhlwkhu wkh sdwk i‘Jc‘ Jj￿ Rq wkh frqwudu|/ wkh sdwk i‘ Wc‘Jjc iru h{dpsoh/
57lv FIL1 Lq sduwlfxodu/ wkh rqo| FIL sd|r￿ iru wkh xqlrq lv E￿J n ￿W￿￿
Olnhzlvh/ lq A ’ ￿c wkh vhw ri FIL sd|r￿ lv i2￿J n￿Wc2￿W n￿Jj￿ Exw lq
A ’ ec wkh vhw ri FIL sd|r￿v froodsvhv lq d xqltxh ydoxh= E2￿J n2 ￿W￿￿ Lq
vkruw/ wkh IL orjlf/ lq wklv fdvh/ whqgv wr surgxfh lqwhuphgldwh dyhudjh zdjhv1
Ilqdoo|/ zh zdqw wr hpskdvl}h wkdw wkhuh lv dqrwkhu vlwxdwlrq lq zklfk
wkh h￿hfwv ri IL duh yhu| vwurqj dqg fohdu/ lq wkh vhqvh wkdw rqh sduw| rewdlqv
klv suhihuuhg sd|r￿1 Wklv lv wkh fdvh/ zkhq/ iru h{dpsoh/ wkh xqlrq idfhv d
vhtxhqfh ri ￿upv lq d uhshdwhg qhjrwldwlrq1 Hdfk rqh ri wkhvh ￿upv qhjrwldwhv
rqo| lq rqh shulrg dqg nqrzv wkh suhylrxv klvwru| ri wkh uhshdwhg jdph1 Wklv
vlwxdwlrq lv nqrzq lq wkh olwhudwxuh rq uhsxwdwlrq h￿hfwv dv wkh fdvh ri d orqj0
uxq djhqw djdlqvw d vhtxhqfh ri vkruw0uxq ru p|rslf djhqwv +Ixghqehuj dqg
Ohylqh +4<;<,,1
Lq wklv fdvh/ wkh xqlrq jxdudqwhhv klpvhoi dv dyhudjh sd|r￿ klv suhihuuhg
zdjh lq dq| FIL sdwk zlwk vx!flhqwo| orqj krul}rq1 Wkh uhdvrq lv vlpsoh=
rqo| wkh xqlrq kdv lqfhqwlyhv wr vljqdo1 Wkh ￿upv odfn ri wkhp/ ehfdxvh wkh|
duh vkruw0uxq djhqwv1 Wkh qh{w sursrvlwlrq hvwdeolvkhv dq xsshu erxqg rq
wkh qxpehu ri shulrgv lq zklfk wkh xqlrq grhv qrw rewdlq klv suhihuuhg zdjh1
Sursrvlwlrq 7 Ohw CA eh d uhshdwhg zdjh edujdlqlqj jdph1 Dvvxph ￿ ’
i￿Jc￿ Wj dqg S ￿ f￿ Wkhq/ wkhuh h{lvwv d srvlwlyh lqwhjhu gc vxfk wkdw lq dq|
FIL sdwk lw lv sod|hg/ dw prvw/ g htxloleuld gl￿huhqw iurp ‘W￿
Surri1
Gh￿qh g dv wkh vpdoohvw lqwhjhu vxfk wkdw g :￿ J*E￿W ￿ ￿J￿￿ Vxssrvh
wkdw A:gdqg wkhuh lv d FIL sdwk lq zklfk lv sod|hg g n￿wlphv wkh
htxloleulxp ‘J￿ Wdnh wkh ￿uvw shulrg ￿ lq zklfk lv sod|hg ‘J￿ Reylrxvo|/ lq
wkh frqwlqxdwlrq lw zloo eh sod| g wlphv gl￿huhqw iurp ‘W￿
58Qrwlfh wkdw/ wulyldoo|/ dq| sdwk frpsrvhg wrwdoo| ri htxloleuld ‘ W lv FIL/
ehfdxvh wkh ￿upv fdq qrw ghyldwh ehfdxvh wkh| olyh rqo| rqh shulrg1 Wkhq/
wkh pd{lpdo FIL sd|r￿ iru wkh xqlrq lq d jdph zlwk dq krul}rq Ac lv A ￿￿W￿
Wkhuhiruh/ wkh frvw ri ghyldwlqj iru wkh xqlrq/ lq wkh shulrg ￿/l v￿J dqg
wkh pd{lpxp qhw jdlq zloo eh= EA￿￿￿￿￿￿￿W￿dEA￿￿￿￿￿g￿￿￿Wng￿￿Jo’
g ￿ E￿W ￿ ￿J￿￿




Qrwlfh wkdw wklv uhvxow lv ydolg zlwkrxw qhfhvvlw| ri lpsrvlqj wkh nlqg ri
uhvwulfwlrqv rq wkh sdudphwhuv xvhg deryh1
Lq vxppdu|/ zh kdyh suhvhqwhg lq wklv zrun/ d uhshdwhg zdjh edujdlq0
lqj jdph zlwk frpsohwh lqirupdwlrq/ zkhuh wkhuh lv dq lpsruwdqw sureohp
ri pxowlsolflw| ri htxloleuld1 Zh kdyh vkrzq krz/ xqghu vrph ￿qdwxudo￿ uh0
vwulfwlrqv/ wkh IL dujxphqwv duh vx!flhqw wr rewdlq ￿uhsxwdwlrq h￿hfwv￿1 Lq
sduwlfxodu/ lw kdv ehhq vshfl￿hg wkh frqfuhwh frqglwlrqv iru rqh sduw| +iru
h{dpsoh/ wkh xqlrq, wr rewdlq klv suhihuuhg zdjh dv dyhudjh sd|r￿ lq dq|
FIL htxloleulxp sdwk ri wkh uhshdwhg jdph1 Olnhzlvh/ zh kdyh glvfxvvhg wkh
sureohpv dulvhq/ xqghu zhdnhu uhvwulfwlrqv/ lq rughu wr wkh vljqdoolqj delolw|
wr eh pruh h￿hfwlyh dqg zh kdyh srlqwhg ixwxuh olqhv ri uhvhdufk1
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